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FARADAY ROTATION NEAR TIE TRANSVERSE REGION OF THE IONOSPerE

\ABSTRACT
It is shown that some of the equations usually used to describe Faraday

rotation are incorrect for the case of propagation through an anisotropic

magnetic field when the cosine of the angle between the magnetic field and

the wave normal changes sign along the ray path. Such a case is common when

transmissions are from a high altitude satellite in the region of the ionosphere

where the direction of propagation is nearly perpendicular to the earth's

magnetic field. Use of the uncorrected equations can result in misinterpretation

of the data. The corrected equations are given and are shown to be consistent

with measured Faraday rotation. With the corrected equations used in a ray

tracing program, an analysis is made of errors resulting from the use of several

approximations near the transverse region. The approximations investigated are:

(1) quasi-longitudinal propagation, (2) straight line propagation, and (3) use

of an effective ionospheric height.
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INTRODUCTION

During the summr of 1962, recordings were made of the satellite radio

signals from the Transit 4A satellite at a low latitude receiving station.

During the analysis of the Faraday rotation of these signals, it was found

that sample calculations with a ray tracing program gave results which were

not always consistent with the measured data. It was found that whenever the

earth's magnetic field is perpendicular to the ray path at some point between

the transmitter and receiver, the equations generally used to describe the

Faraday rotation are incorrect. In Section I of this report the correct

equations are derived, and in Section II they are applied to analyze errors

resulting from the use of several different approximations.

I. qUATIONS OF FARADAY ROTATION

Whenever a receiving station is at a sufficiently low geomagnetic
latitude (less than about 400), there is a portion of the sky where radio

signals from a satellite propagate perpendicular to the earth's magnetic
field at some point along the ray path. This portion of the sky is referred
to in this paper as the "transverse region", and the point of perpendicularity

along the ray path as the "transverse point". When the satellite is on one
side of the transverse region, there is a component of the earth's magnetic

field parallel to the direction of propagation, as in the case of vertically
downward propagation in the northern magnetic hemisphere. When the satellite

is on the other side of the transverse region, the magnetic field has a

component antiparallel to the direction of propagation (parallel, but in the

opposite direction), as in the case of vertically downward propagation in the
southern magnetic hemisphere.

To understand propagation near the transverse region, it is necessary to
consider the polarizations of the "ordinary" and "extraordinary" magnetoionic
modes and the resultant wave. By definition, the ordinary ray is that which
is unaffected by the magnetic field when propagation is transverse to the

field. When there is a longitudinal component of the field, collision effects

are negligible, and the wave frequency is higher than the gyromagnetic

frequency, the ordinary wave is less affected by the magnetic field than is
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the extraordinary wave. For purely l.ongitudinal propagation, the two waves

are circularly polarized with opposite sense of rotation. Referring to

Figure IA, the direction and magnitude of the force felt by a charge, q,

moving perpendicular to the magnetic field is given by the equation

F q vx. Letting v'v - v and B•, then Pi - q(vj Bk - vk Bj) or

F q v B i , so the charge would circle counterclockwise as shown. An

electron would circle in the opposite direction, (clockwise) as shown in

Figure 1B (where the magnetic field is directed into the paper).

Consider two circularly polarized waves of opposite sense of rotation

propagating parallel to the magnetic field. Again referring to Figure 13,

it can be visualized that the electrons have more chance to be influenced by

"a clockwise wave than by a counterclockwise wave, and that the interaction is

"a mximum when the wave frequency is equal to the gyromagnetic frequency.

Hence the clockwise wave is more affected by the magnetic field, and therefore

is the extraordinary wave.

To determine the direction of Faraday rotation, let us consider the

ordinary and extraordinary waves at two planes which are perpendicular to

the wave normal and a distance di apart along the wave normal. This

situation is depicted in Figure IC. At plane A at time to, let the E vectors

of the two waves NEo and E) be in the direction of i. Both the ordinary and

extraordinary waves are circularly polarized, so that as time progresses, Eo
.A-0

rotates counterclockwise at the wave frequency, E rotates clockwise, and the
resultant E is plane polarized in the plane of and dl. At plane B at time

to, the phase of E is lagging (clockwise) by an angle o and E is lagging
o X

(counterclockwise) by an angle x (Viewing S at time to, it is seen that

it describes a right-hand helix In space, and % describes a left-hand helix.)

However, since the wave length of the extraordinary wave is greater than that

of the ordinary wave, x < The resultant N is in a direction making an
-o" t _b

angle 2 = • clockwise from i. As time progresses, E0 rotates

counterclockwise and M. rotates clockwise at the wave frequency so that E

is plane polarized with the polarization plane lagging (clockwise) by an

angle 0 from its position at plane A. Therefore, the plane of I is twisted

clockwise in space, so we may say that the total Faraday rotation is
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clockwise when propagation is parallel to the magnetic field. In the

opposite case, when propagation is antiparalLel to the magnetic field,

the total rotation of a downcoming ray is counterclockwise.

It my be noted that in the case of parallel propagation, if the electron

density or longitudinal component of the magnetic field is decreasing along

the ray path, there will be decreasing amounts of total Faraday rotation,
-b

so the plane of the 9 vector at the ground will rotate counterclockwise as

viewed from the transmitter.

Whenever the propagation is transverse to the magnetic field, the above

analysis is not valid since the ordinary and extraordinary waves are no

longer circularly polarized. For purely transverse propagation they are

linearly polarized in space quadrature. The resultant wave is then

circularly polarized and Faraday rotation cannot be defined simply as the

rotation of the plane of polarization. However, in the ionosphere, only in

the special case of a receiving statiun directly on the magnetic equator can

there be transverse propagation along the entire ray path from a transmitter.

In the more general case, consider a receiving station in the northern

hemisphere at a sufficiently low latitude that transverse propagation can

exist, and consider a transmitter fixed in the transverse region of the sky.

There will be only one point along the ray path where propagation is purely

transverse. Above this point the propagation will have a component parallel

to the magnetic field, while below the point there is a component anti-

parallel to the field. (In the actual case described later, the

receiving station was at 16°N geomagnetic latitude and a 54 me transmitter

was at an altitude of 970 kon. The transverse point was at an altitude of

360 k•n. At 954 km the angle between the ray direction and the magnetic field

was 83.20 at 360 km the angle was 900, and at 109 km the angle was 9.920.)

Figure ID depicts the magnetic field geometry in such a case where a linearly

polarized signal is transmitted from T. At point D there is a parallel

component of the field, at point E the field is transverse, and at point F

there is an antiparallel component. At point D the Faraday rotation is building

up clockwise and the polarization of the signal is nearly linear. Approaching

E, the polarization of the signal changes from elliptical to circular, while
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the Faraday rotation (determined by the position of the major axis of the

ellipse) continues to build up clockwise. 9 is but a point in space and not

a region, so no Faraday rotation is built up there. Just below I there must

be an elliptical component to the polarization. The phase of each characteristic

wave is continuously varying across E, so there can be no discontinuity in the

Faraday rotation at E. However, there is a reversal in the direction of the

longitudinal component of the magnetic field beyond E, i.e., there is an

antiparallel component of the field. Hence the ordinary wave describes a

left-hand helix (actually elliptical rather than circular), the extraordinary

wave describes a right-hand helix, and thc Faraday rotation builds up

counterclockwise. Therefore, the total rotation of the wave at the receiver

is the sum of the clockwise rotation from T to E and the counterclockwise

rotation from E to F. This sum can be a net clockwise rotation, zero, or a

net counterclockwise rotation.

The Faraday rotation is usually described by the equation:

S(po - PX,(1)

where Po and Px are the phase path lengths (in wave lengths) of the ordinary

and extraordinary waves respectively and b is the Faraday rotation in cycles;

PO M I podsoPx= Ssp.dsx, (2)

where X is the free space wave length of the transmitted radiation, po and

ix are the indices of refraction of the ordinary and extraordinary waves

respectively, and the integrals are along the ray paths from the transmitter

to the receiver. Whenever the transmitted frequency is higher than the

plasm frequency and collision effects are negligible, the plus sign in the

Appleton-HUrtree equation is used for the ordinary wave and the minus sign

for the extraordinary wave. In this case g is always greater than or equal

to 4., so that Po ? Px and by Equation (1), a > 0. Equation (2) does not

indicate whether the waves describe right or left-hand helices and give only

the absolute number of wave lengths. Hence Equation (1) gives the sum of the

absolute values of the clockwise and counterclockwise rotation, which is not

indicative of the total rotation between the transmitter and receiver.
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The deficiency in Equations (1) and (2) can be corrected by defining

the spatial rotation in one direction, say counterclockwise, to be positive.

With this definition, when a component of the magnetic field is parallel to

the ray path (as in vertically downward propagation in the northern hemisphere),

the ordinary wave is negative (clockwise), the extraordinary wave is positive

(counterclockwise), and the total rotation is negative (clockwise). When

there is an antiparallel component of the magnetic field, all three are

reversed.

Also Equations (1) and (2) then become:

1 (3)
~ ~ + P.)

where 8 = + 1 when the ray path is parallel to the longitudinal component of

the magnetic field and 8 = - 1 when the ray path is antiparallel to the field.

In the case illustrated by Figure 1D, 8 = + 1 from T to B and 8 = - 1 from

B to R.

In practice, it would be difficult to do ray tracing with the use of

Equations (3) and (4). This is because it would be necessary to determine

the transverse point within one wave length of the transmitted radiation on

both the ordinary and extraordinary ray paths in order for the resulting

Faraday rotation to be accurate to within one cycle. In a ray tracing

program such as described by Lawrence and Posakony (1961) or Dulk and Dean (1962),

this would require layer thicknesses near the transverse point of about 6 meters

for a 54 mc. signal. Round-off errors for these small layers, as well as the

possible non-convergence of the iteration process for computing refraction,

would make the procedure impractical. Therefore, another scheme has been

devised for ray tracing in the transverse region. Advantage is taken of the

facts that magnetoionic splitting is a minimum for nearly transverse

propagation and that the "no magnetic field" ray path is between the ordinary

ray path and the extraordinary ray path, so that least error is introduced

by tracing along the "no magnetic field" ray path. The Faraday rotation is

computed with the equation:
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fS J-~ 6 - p)do (5)

where refraction but not magnetoionic splitting is taken into account along

the "no magnetic field" ray path. This equation may be used whenever the

transverse point occurs somewhere along the ray path. At the transverse

point, 5 changes from +1 to -1. Using Equation (5), the transverse point

need not be determined as closely as when using Equations (3) and (4), and

the sign of a indicates whether the total rotation is counterclockwise or

clockwise.

There are two special cases of interest. For the first, the transverse

point coincides with the bottom of the ionosphere. In this case the limiting

polarization of the wave is circular, and this should be noticeable on signal

strength records as a decrease in depth of the Faraday nulls. This occurrence

usually will not be coincident with the true zero total Faraday, which occurs

when the transverse point occurs near the middle of the ionosphere. For the

second case, the transverse point is at the transmitter height and the plane

of polarization of the transmitted wave is in the plane of the magnetic

meridian. Then only the ordinary mode will be transmitted. At the receiver

the signal will be almost circularly polarized. Should the plane of polarization

of the transmitted wave be perpendicular to the magnetic meridian at the

transmitter, only the extraordinary mode would be transmitted and a circularly

polarized signal of opposite sense of rotation would be received.

I1. ANALYSIS OF ERROR INVOLVED IN VARIOUS APPROX&IMTIONS

A thorough investigation was made of one satellite pass during which

transverse propagation occurred. The primary purpose of the investigation

was to determine the magnitude of the errors involved in making various

approximations. The pass investigated was revolution 5183 of the Transit

4A satellite which was transmitting on 54 mc and 324 mc. The satellite

signals were received at a low latitude receiving station. (Johnston Island,

160 N, 1900 E; geomagnetic latitude 150 N.) This pass was from north to south,

the closest approach of the satellite being about 500 km east of the receiver

at 10:46 Am Johnston Island standard time and the satellite altitude was about

960 km. During the pass the ionosphere was relatively quiet, the geomagnetic

planetary A index was 10.
3.
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The ray tracing program used in the analysis was that of Dulk and

Dean (1962). Though an option for ray tracing through an ionosphere varying

in tnree dimensions is available in the program, computations are simplified
when the ionosphere model is spherically stratified. Revolution 5183

exhibited a nearly constant subsatellite electron content over a considerable
portion of the pass, enabling use of a spherically stratified ionosphere
model in the ray tracing program. A preliminary investigation using the

hybrid dispersive Doppler-Faraday rotation method of De MNwdonca (1962)

indicated that the subsatellite electron content was about 2.2 x 1017

electrons/meter2 and that the electron content increased slightly to the

south of the receiving station. Figure 2 shows the electron content profile

as found by the hybrid method.

The electron density profile used was in two sections:

1. Up to max, (the height of f2max) the profile was derived from

an ionogram taken by a low latitude ionosonde (Puerto Rico) under similar

ionospheric conditions.

2. Above H.. the profile was assumed to be that of a Chapman

layer with a scale height at mx of 4k2 m (indicated by the layer half

thickness as shown on the ionogram) and a scale height gradient of .12 km1/1m

The Chapman scale height and scale height gradient were discussed in detail

by Mrkes, et al, (1963), and were shown to be realistic.

For the purposes of the major part of the present investigation, the

model ionosphere profile was not required to be in exact agreement with the

profile actually existing at the time the satellite was tracked. It was

necessary only that the same model be used in testing each of the various

approxi•ations. However, to enable comparison with measured data, it was

desirable for the model profile and the actual profile to be similar in shape,

and to contain the same subsatellite electron content. Therefore, the electron

density model was normalized to give the subsatellite electron content of

2.2 x 1017 electron/meter to be in agreement with the hybrid measurement.
Also the shape of the model profile and electron density at nEm were later
foumd to be in agreement with ionosonde data taken at Johnston Island during
the satellite pass.
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The first step in the investigation involved ray tracing the 54 mc

signal from satellite to receiver at about 20 satellite locations. These

locations were distributed from horizon to horizon) but the majority were

in the transverse portion of the sky. In Figure 3, the Faraday rotation as

computed in the ray tracing is compared with the measured Faraday rotation.

Because the time of zero measured Faraday rotation cannot usually be determined

from the record, it was arbitrarily chosen to be at 206 seconds, the time of

zero computed Faraday. It is seen in the Figure that there is good ageement

between the two sets of data over most of the interval of measurements. Only

at later times, with the satellite to the south, does the measured Faraday

become greater than the Faraday computed from the model, indicating increasing

subeatellite electron contents to the south.

The magnetic field model used in the computations was the 6th order

spherical harmonic description using coefficients of Jensen and Cain (1962)

for Epoch 1960. Using this model, it was found that when signals were first

received at the beginning of the pass (089 sec.), there was a transverse point

along the ray path in the ionosphere at an altitude of 950 km. As the

satellite traveled southward in its orbit, a transverse point continued to

exist somewhere along the ray path for a period of 140 sec, during which the

satellite traveled from 29.20 N, 178.40 E to 21.70 N, 181.70 E.

Figure 4 illustrates the error involved in ignoring refraction of the

ray. n st. line was obtained by using Equations (3), (4), and (5), the same

equations used to obtain n Ray Trace' However, the integral was taken along

the straight line path from transmitter to receiver instead of along the

refracted ray paths. In all but the transverse region, the resulting error

is seen in Figure 4 to be less than about 2%, with the error increasing at

later times with the satellite approaching the horizon. However, near the

point where a = 0, which occurs with the transverse point at an altitude of

about 3W0 km, ignoring refraction causes the error to be greater than 10%

for a period of about 30 seconds. During the early portion of the pass, with

the transverse point between 400 km and 960 km, the error is about 6%. The

reason for the sensitivity to refraction effects in the transverse region is

that the slight difference between the true ray direction and the straight

15•



(.LN33v3d) vOvv3

ASS

cMI

w
-hZ

C, 0

I-C

U,' I
ww

- II0

.16



line path causes the transverse point to be shifted upward or downward to a
considerably greater extent. The computed Faraday rotation is therefore

altered by a disproportionate amount.

The error involved in using the quasi-longitudinal apprcxtion
throughout the transverse region is illustrated in Figure 5. The equation
utilizing the quasi-longitudinal approximation which was used to compute

the Faraday rotation is

.H coo Ndo (6)

where K is a constant, f is the transmitted frequency, H is the magnetic field

strength, 9 is the angle between the mgnetic field and the wave normal, N is

the electron density, and the integral is along the "no magnetic field" ray path

from transmitter to receiver. The error of 1%, which is seen in Figure 5 to be

nearly constant over much of the pass, can be attributed to use of a constant K

which was 1% too high. Only in the ten second interval about 0 - 0 is the error

greater than 10%. Even in the early portion of the satellite pass, with the

transverse point occurring somewhere along the ray path, use of the Q.L.

approximation results in little error. Comparing Figure 4 with Figure 5, it
is seen that more error is incurred in ignoring refraction than in using the

Q.L. approximation, and the interval of large error is longer.

Figure 6 illustrates the error in using the Q.L. approximation along the
straight line path from transmitter to receiver. The result is essentially a
superposition of the errors in Figure 4 and Figure 5.

When using the Q.L. approximation above, the factor H cos 9 was retained

within the integral sign. Often it is desirable to find a mean value of the
factor H cos 9 (or H cos 9 sec X) and remove it from under the integral sign.

Then Equation (6) is changed to

1 -K (H cos sec X) i 0 N(7)

where H. is the proper mean height of the ionosph.ere, X is the angle between

the ray path and the zenith at height Hi, and fo°N dh is the subeatellite

17
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electron content. Figure 7 illustrates the error resulting from use of

Equation 7 when the mean or effective ionospheric height Hi is chosen to be

350 km. Again, over much of the pass the error is less than 2%. Errors of
over 10% occur during an interval of about 20 seconds near the time when

0 - 0. During early times the error is seen to be about 6%, with Equation 7

overestimating the rotation.

The results of assuming the mean ionospheric height to be too low, at
300 k1m, are shown in Figure 8. Here the error is seen to be about 4% over
much of the pass, with Equation 7 overestimating the amount of Faraday

rotation. Near the time when n = 0, there is an interval of about 75 seconds

when the error is greater than 40%. During early times, Equation 7

underestimated the amount of rotation by about 10%. Comparison of Figure 8
with Figure 7 shows that a mean ionospheric height of about 340 km would be

the best for the particular ionospheric structure used in the computations.

The results of overestimating the mean ionospheric height by setting

Hi = 400 km and using Equation 7 are shown in Figure 9. Again there is an
error of about 4% over most of the pass, with the rotation calculated with
Equation 7 being too low. Near the time when n = 0, there is an interval of
about 25 seconds when the error is greater then 40%. From the beginning of

the pass until 215 seconds, an interval of about 125 seconds, the error is

greater than 20%. At early times, it is seen that Equation 7 overestimates
the amount of rotation.

Figure 10 is a composite of the percent errors shown in the preceding

three figures. It is notable that there is a point at about 265 seconds
where the Faraday rotation given by Equation 7 is independent of the altitude
chosen for Hi. This is the time when the factor H cos @ see X changes from

a decreasing function of altitude to an increasing function of altitude.
Such a point has been found for all satellite passes so far investigated.
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CONCLUSION

It has been shown that the usual equations for decribing Faraday

rotation are incorrect whenever there is a change of sign of coo 0 somewhere

along the ray path. The corrected equations are given, and are shown to be

consistent with measured data. Use of the uncorrected equations can lead

to improper interpretation of Faraday rotation near the transverse region.

With the corrected equations used in a ray tracing program, an analysis

of errors involved in several approximations shows that ignoring refraction

can result in considerable error near the transverse region even at a frequency

as high as 54 mcj that use of the quasi-longitudinal approximation

results in less error than ignoring refraction, and that the choice of the

proper mean ionospheric height is quite important when deducing ionospheric

electron content from measurements of Faraday rotation.
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